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A GREEN'S THEOREM IN TERMS OF LEBESGUE INTEGRALS. 

By H. E. Brat. 

The present paper contains the proof of the Green's Theorem which 
is associated with the integral form of Poisson's equation, that is to say, 
with the equation: 



fM dy -Ty dx= IL fix ' y)dxdy - 



The method of proof, that of approximating polynomials, was sug- 
gested by Professor G. C. Evans, who uses it in the proof of a similar 
theorem,* where, however, the functions u, du/dx, /, etc., have to obey 
certain restrictions as to continuity owing to the fact that the integrals in 
the equation are of the ordinary kind. Here, however, Lebesgue integrals 
are used; consequently, as might be expected, the properties of u, du/dx, 
/, etc., are less restricted. 

The region, Tt, here considered is a rectangle. 

The works cited in footnotes are the Cours d'analyse of de la Vallee- 
Poussin and the article Sur l'integrale de Lebesgue by the same author 
in the Transactions of the American Mathematical Society, Volume XVI, 
1916. They are referred to, briefly, as Cours d'analyse and Transactions 
respectively. 

§ 1. The following theorems and definitions will be used in the course 
of this discussion. 

Theoeem A.f If the transformation 

*i = v(yi,y*)t x * = Hyi, Vi) 

establishes a- one-to-one continuous correspondence between two measur- 
able sets, E x and E u , and if, moreover, the formulae of the transformation 
are differentiable on E y , at every point of E v ; and if j{x u x 2 ) is summable 
in E x , then F • \J\% will be summable on E v , and 



f f(x 1)X2 )dP x = ff\J\dP 

OEx JEy 



provided that we agree to put /-|J| =0 at every point where \J\ 
vanishes, even when / becomes infinite. 

* Cambridge Colloquium Lectures, September, 1916. 
f De la Vallee Poussin, Transactions, p. 500. 
| J is the Jacobian of the transformation. 
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The theorem can be extended to the case of more than two variables. 

Theorem B. If u(x, y) is an absolutely continuous function of y for 
every value of x (a ^ x S b, c ^ y ^ d), and is summable linearly with 
regard to x, for every value of y, and if du/dy is summable superficially 
in the same region, then 



f(y) = I u(x, y)da 



is an absolutely continuous function of y. 

For since du/dy is summable superficially, and u linearly, 

f(y") -/(»') = £[u(x,y")-u(x,y')]dx 

= | dx j 3- dy — I I -r- dxdy. 

Ja «V vy Js(a,t;y'y")J "V 

Therefore 

Z[/(y.+i) -f(yd] = j E fdi; dxd y' 

where E is a denumerable set of rectangles Ri[yt ^ y — yt+i, a ^ x ^ 6]. 
Since the double integral is absolutely continuous, £ [/(?/»•+ 1) — /(#<)] 

€0 

approaches zero with m(E), i.e., with 23 G/f+i — 2/»)> Thus our theorem 

is proved. 

Uniform absolute continuity.* Consider a sequence of summable func- 
tions /^(x) which converge to the function /(x) over the set E. 

Definition. The absolute continuity of the integrals 



I 



f„dx 

is said to be uniform over the set E, if to every positive e there corresponds 
a 8 such that 



IX 



f*dx 



< e 



independent of /x, provided that e be a portion of E, of measure less than 8 
(Vitali). 

Theorem C.f If the absolute continuity of the integrals 



J / M (x)dx 



* de la Vallee Poussin, Transactions, pp. 445 et seq. 
t de la Vallee Poussin, loc. cit. 
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is uniform over the set E, fix) is summable over E and 

lim I f^dx = I f(x)dx. 

jtt=« J E *) E 

The definition of absolute continuity and the proof of the theorem 

(C) can be extended to the case where the functions /„ involve more than 

one variable. 

We generalize the notion of uniform absolute continuity as follows : 
Definition. Let us suppose that the function f(x, y, a) is summable 

over the set E(x, y) for all values of a belonging to a set A(a). Then if 

the integral 

F(a) =J J fix, y, a)dxdy 
is such that to every positive e there corresponds a S such that 



!f/ 



fix, y, a)dxdy 



< e 



for all values of a in A, provided only that m(e) < S, the absolute con- 
tinuity of the integral F(a) is said to be uniform with regard to a. 

This definition includes the previous one. 

Theorem Z>. If m(x, y) is limited and summable (linearly) with 
regard to y for all values of x in the region [a^x^b, c^y^-d] and if 
u is absolutely continuous in x for all values of y, and if du/dx is summable 
superficially in the same region, then the function 



Fix, y) = | uix, r))dr) 



is a continuous function of the two variables x and y. For consider the 
expression 

Fix, y) - Fix,, j/o) 

/»» r*yo fvo rva 

= I uix, ri)dr) — I uix, rj)dt) + I «(x, 17)^17 — I uix , y)dri- 

uix, i))dr) + I [uix, v) -uix , v)]dri. 

The first term can be made as small as we please by taking \y — yo\ 
small enough, independent of x, since u is limited. The second term 
can be written 

I dr, I ^d£ = I I -^.dW-q, 

da «/*o ° < 'JB(x th x; a, y„) J ° ? 
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since u is absolutely continuous in x, and du/d% is summable superficially. 
For the latter reason the integral 



lAfiteo, x\ a, !/(,)«/ " K 



/jS(Jro. x '< «> Vd> « 

approaches zero with m{R), i.e., wit h \x — x |. Hence fi nally, F(x, y) 
— F(xo, yo) approaches zero with V(z — x ) 2 + (y — yo) 2 , and this is 
what we wished to prove. 

§ 2. I. Theorem. If (1) u(x, y), v{x, y), are limited and summable 
(superficially) throughout the region JJ(0£J£l,0^j/Sl), 

(2) u, likewise v, is an absolutely continuous function of x for every 
value of y, and of y for every value of x, 

(3) du/dx, du/dy, dvjdx, dv/dy, considered where they exist, are sum- 
mable (superficially) in R, 

(4) /(#, y), g{%, y) are summable in R, 

(5) the following equations are satisfied for every rectangle D[Xi Si< X 2 , 
Fi ^ y :£ 7 2 ] inside 2?, /or w/wc/j f/ie left-hand members have a meaning: 

(A) XS d?/ - fi dx = fl f{x > y)dxdy > 

(5) X£ d2/ -^ dx = f£ g(x > y)dxdy > 

(6) the rectangle S[a ^ x ^ b, c ^ y ^ d] is such that the absolute 
continuity of the integral f(du/dx)dy is uniform in the neighborhood of 
x = a, x = b; similarly the absolute continuity of J"(du/dy)dx is uniform 
in the neighborhood of y = c, y = d, 

(7) at nearly every point of the boundary of S, u, du/dx, du/dy, v, 
dvjdx, dv/dy are the superficial derivatives of their respective double 
integrals f f udx dy, etc. 

then for every such rectangle S 

(C) i{ V fx ~ U fx) dy ~ { V fy ~ U %) dx = Si {vf ~ Ug)dxdy - 

It is to be noted that, since u, du/dx, du/dy, etc., are summable super- 
ficially, the values of a, (c), for which the lines x = a, (y = c), do not 
satisfy condition (7), form a set of zero measure.* Also, for the same 
reason, the values of Xi, X2, Y\, Y 2 , for which the left-hand members of 
equations (A), (B) do not have a meaning, form a set of zero measure, f 
Hence conditions (5) and (7) are satisfied by nearly every rectangle in R. 

* A summaWe function is the derivative of its indefinite integral nearly everywhere, 
t Cours d'analyse, vol. II, pp. 117 et seq. 
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Similarly, since u, v are limited, equation (C) will have a meaning for 
nearly every rectangle S in R. 

II. The proof of the theorem is obtained by the use of approximating 
polynomials,* defined as follows: 

PM*, v)] = A f f «(*, v)[i - a - ^ 2 )]"[l - (v - vWd&v, 
fc M - 2 f (i - pydt, 

Jo 

" / JLt V—X *J — y 



where 



Let 

•»x+e 
P 



[«(*, »)]-p <« I *(*, n)[l - (« - x)T[l - 0? - y)Tdv, 

where e is a positive number, less than any of the numbers a, 1 — b, c, 
I — d. Evidently 



PMx, V)] = £l£*S £ e u ^ + X >V + V)[l - mi ~ V 2 )' 



di\. 



It is well known that PJw(x, y)\ approaches u(x, y) nearly everywhere in 
S, and therefore by condition (7) nearly everywhere on the boundary of S, 
as p = oo. It is to be noted that the functions P^uix, y)], PJw(x, y)] 
are Umited in their sets. It is also well known that 

QM = PM - P~M 

approaches zero and that PJtt] approaches u as /* = <*>. 

III. The method of proof is as follows: Since PJu], PJf] are poly- 
nomials, they satisfy the conditions of Green's Theorem, as usually stated, 
and we can therefore write: 

(i) i\PM^ - ™*5H } * - { P.M^ - r M *& } * 

= ff{ PMv'PM - PMv'PM } dxdy. 

It is proved that, on the boundary of S 

dP u [u] _du dPJu] = du 

™ dx ~ dx' ™ dy ~ dy 



' Cours d'analyse, vol. II, pp. 126 et seq. 
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and that, in S 

Urn v 2 PM = fix, y) 

and similar relations are proved for P*[v]. It is shown moreover that the 
limits of the above integrals, in (1), are equal to the integrals of the limits 
of their integrands. We thus obtain, by taking the limits of both sides 
of (1), the formula to be proved: 

fX^~ U ¥x) dy -( v fy- u Fy) dx= U ivf - u ^ dxd y- 

We have to prove that the absolute continuity of the integrals in (1) is 
uniform with regard to p (Theorem C). 
IV. We consider now the quantity: 

QAu(x, y)\ = P„[u(z, y)] - PJufa y)]. 

A glance at the diagram of the regions of integration of PJw] and 
PJtt] will show that Q„.[u] is the sum of eight terms of which the following 
are typical: 

«>, y] = A f d v f u(«, ,)[i - a - z 2 )]*[i - (v - yYYdt, 

1 /•»+< /»l 

ejx, »]-n dr >\ u & M 1 -u- x)2 ^ - h - y^ d z- 

™lt *sy—e Jx+t 

With regard to a M , we see that the inner integral is an absolutely 
continuous function of x for all values of 77; hence, using Leibnitz' rule, 
and differentiating with respect to x, we obtain: 



day 
dx 



- rs r ^ r «& ri D *v -a- x ^ [i - ( " - ^^ 

- p 2 f ' «(* + e, ,)[1 - £ 2 ]*[1 - (, - yYYd-o. 

Since the integrand of the second term is an absolutely continuous 
function of x for all values of 17 we can differentiate again, using Leibnitz' 
rule for Lebesgue integrals* and obtain: 

Sr = A f d " f «& 'Wt 1 - (* - *) 2 hi - (" - 2/) 2 ]" d " 

C7X A^ Jy+c <Jx+t 

-^- 2 f u(x + e, ,){D.[1 - (€ - x) 2 ]"} f=x+e [l - („ - yy]*dv 

- ^f v+t h u{x + e > v)[1 ~ er[1 ~ {v ~ yyYdr> - 



' Cours d'analyse, Volume II, p. 123. 



a geeen's theorem in terms of lebesgtje integrals. 147 

The expressions for dajdy and d 2 ajdy 2 are similar to those for dajdx, 
d 2 ajdx 2 . 

Differentiating £„[«(£, y)] we obtain: 



j? - in r' d " r M & ^^'ti - a - *) 2 ]"[i - (u - y) 2 N£ 

- a p + v* + <> ^t 1 - ^"t 1 - (" - y) 2 ]"^ 
^ = jp r + ' d,? r ^ ^^t 1 - « - ^^t 1 - ^ - y^ 1 ^ 

- A f + V* + «, *){i).[l - (S - *) 2 ]}*=x+,[l - (, - yYYdv 

Writing 0^ in the form 

± f d£ f + '«(S, „)[1 - (£ - z) 2 ]*[l - 0? - y) 2 ]»d„ 



we obtain: 



^ = ^xi^xr^ " )[i ~ ^ ~ x)2] " i,! ' [i - {v - y)rdi > 

+ a r «& y +«)[!- (* - ^w - ^^ 

"'I* «/i+t 

- A f *(*, y - «)[i - (* - *) 2 ]*[i - < 2 N£, 

^ = ibfL d *£ ui *' n)[1 " a " x)2] * ZV[1 " ( " " y)2N,? 

+ /6X'/ a y + e)[l " ( * " x)2]m!z>! ' [i " (,? " y) 2 ] tt i^+«^ 

- A f «(*, y - e)[l - a - x) 2 ]"!^! - (u - y) 2 ]"},=, + .d? 

+ K l fH u ^' y + e)[1 " ( * " x)r[1 " e2] "^ 

- ^£ +t Ty U & V ~ W - (« - a; ) 2 l M [ 1 - «*]*#■ 

V. From the expressions for dajdx, dajdy, dfijdx, dfijdy we can 
now deduce the fact that {djdx)Q ll [u\ is an absolutely continuous function 
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of x, and that (d/dy) Q^u] is absolutely continuous in y. For, consider 
dajdx. The first term is of the same character as a„ itself, which is 
the sum of terms of the type 

Ax*y* f d$ f St r n'u(Z, v)dv, 

which is obviously, absolutely continuous since u is limited. The second 
term satisfies the conditions of Theorem B, and is therefore an absolutely 
continuous function of x, for all values of y. The same kind of reasoning 
can be applied to the discussion of dajdy, da^fix, dfijdy and we can 
infer therefore that [dldx)Q l \u], (d/dy)Q li [u] are absolutely continuous 
functions, respectively, of x and y. 

VI. We have next to show that (d 2 ldx 2 )Q„[u] and (d 2 /dy 2 )Q li [u] are 
summable, superficially, in the rectangle S. It will be seen that the only 
terms in the expressions representing d 2 a M /d£ 2 , d 2 a ll /dy 2 , d^p^/dx 2 , d 2 $Jdy 2 
whose summability is not evident are of a form of which the following is 
typical : 

^£.^. V - «)[1 -(€-*) W 

The presence of the factor [1 — (£ — x) 2 Y in the integrand will evi- 
dently not affect the discussion. We shall therefore consider the function 

and change the variable of integration by putting 

£ = x + e+(l-x- t)t. 
We thus obtain 

F(x, y) = jf^«[* + e + (l-X- e)t, y - «][1 - X - e]dt. 

Consider now the function (d/dY)u(X, Y) which by hypothesis, is 
summable in the square [0 == X ^ 1, ^ Y == 1]. If we define the 
function 

u(X, Y, T) = u(X, Y) 

for all values of T, it is evident that (d/dY)u[X, Y, T] is summable in the 
three-dimensional region [Oslsl, 0s7<l, OsTsl], It is 
therefore summable in any measurable subregion of this cube, for instance 
in the region E(X, Y, T) bounded by the planes 

T = a, T = b; Y = c - e, Y = d - e; X = T + e, X = 1. 
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Let us now perform the following transformation: using the results of 
Theorem A 



X = x + e + (l-e- x)t, 

Y = y-e, J = 

T = x, 



1 - t 1 - € - X 

1 

10 



| J | = 1 - t -X. 
(d/dY)u[X, Y,T] = (d/dY)u[X, Y] thus becomes 

OyU[x + e + (1 - € - x)t, y - e] 
and the integral, 

f ff^-u[XYT]dXdYdT 

I I t~u[x + e + (1 — e — x)t, y — e][l — e — x]dxdydt. 

=0 Jy=r. Jx=a &V 

We have now shown that (d/dy)u[x+e+(l — e — x)t, y — e][l — e— x] 
is summable in the region corresponding to E(X, Y, T), i.e., in [a ;£ x :£ 6, 
c £ y S (i, 5 ( £ 1]. We therefore know that F(x, y) is summable 
in S* and we can write, in fact 

J J F{x, y)dxdy 

= \ \ dxdy I 3- w[x + € + (1 — e — x)t, y — e][l — e — x]dt. 

VII. We next show that the absolute continuity of 

J J^QJxdy 

is uniform with regard to p. The term 

(1 - e 2 )* 



/c„ 



£ +e Ty u{ £> y ~ e)[1 ~tt- x)2] ^ 



is typical of those which go to make up A 2 QJ«]. Ignoring the factor 
(1 — e 2 )*/^ 2 which approaches zero as y. — 00, and writing 

J J J t„0, y, t)dtdxdy 

J« Jo 3y^ x + e +s( x - « - *)'» y - «P - « - *] 

X [1 - {e + (1 - e - x)<} 2 ]"d<dxdj/ 



' Cours d'analyse, volume II, pp. 117 et seq. 
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we see that 

*v(z, y, t) = h(x, y, t)[l - {<■ + (1 - e - z)<} 2 ]" 

and that |ir M (x, y, t) | s |/i(x, y, t)\, where 

h(x, y, t) = (d/dy)u[x + e + (1 - e - x)t, y - e][l - e - x]. 

We have shown that h(x, y, t) is summable in the region S'[a :£ x :S b, 
c < y < d, ^ i ^ 1]. Hence |/i(x, ?/, <) | is summable in S' and -k^ the 
product of two summable functions, one of which is limited, is also sum- 
mable in S', therefore 

ndxdy I ir„(x, y, t)dt =S / I dx% I \h{x, y, t) \dt. 
Jo *Js *J t/o 

Since h is independent of n we see from this equation that the absolute 
continuity of the integrals 



I I dxdy I ir v [x, y, t]dt 



is uniform is S, and our statement is proved. 

VIII. We need to show that (d]dx)Q ll .[u] and (d/dy)Q„[u] are con- 
tinuous functions of the two variables x and y. It will be sufficient to 
consider the quantity dajdx. 

The first term of da^/dx is like a„ itself, which is a sum of terms of 
the type 

Ax'y f dr, f ev'udi, rfidk, 

which is continuous if the integral itself is continuous. But the integral 
has a limited integrand and is evidently a continuous function of (x, y). 
The second term of dajdx is a sum of terms of the type 

By i | rfu{x + e, ri)dr], 

which is a continuous function of x and y if the integral is itself continuous. 
But the integral is of the type considered in Theorem D, and is therefore 
continuous. We have now proved that: 

dQJdx, dQ^/dy are continuous functions of x and y in *S, 

dQ^/dx is an absolutely continuous function of x in S, 

dQJdy is an absolutely continuous function of y in S. 

V 2 Q^ is summable in S. 

In fact, if we remember that e is less than a, 1 — b, c, 1 — d, it be- 
comes evident that the above statements apply also to the rectangle 
S[a - e' s i < 6 + «', c - / < i/ < d + <], where e' is a small positive 
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constant such that 

e + e' < a, 1 — b, c, 1 — d. 

We can now apply Green's Formula,* and obtain for any square s 
inside of S, such that s contains the point (x , y )- 

Therefore, since V 2 Q^dxdy is summable, 

for nearly every point (x , y ) of S, consequently of S. 
IX. Consider now the expression 

foPM*, y)] = ^£ t d7 i£^ u ^ + x > r > + vft 1 - OT - **N*- 

It is easy to show by means of Theorem A, as we applied it to the 
function (d/dy)u[x + e + (1 - e - x)£, y - e], that the function 

^t*(€ + x, n + y) 

is summable in the three-dimensional region 

[— e =5 £ 2 e, o < a; =S &, - e < ^ S e]. 
Hence we can write, treating du/dy in the same way, 

af t h P,t[u]dy ~ ^ P ^ dx 

du(£ + x, t? + y) 

dy ax 

= k}f_ dr >£ [1 - !T[1 - ^yljjlti + *,V + y)dxdy, 

where o- is the area of a square containing the point (£ + x , »? + 2/ ) as 
center. Let us choose a sequence of numbers <r,- approaching zero as a 
limit as /x = oo . Then, if the absolute continuity of the integrals 

X! d *£! d,(i ~ mi ~ v2r ^Lf m + x> v + y)dxdy 



* Cours d'analyse, II, p. 124. 
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is uniform with regard to i over the rectangle [— e S { £ «, — e^T/^e], 
we can write 

l ™}ffx F » [u]dy -Ty P » [u]dx 

= |p fdu f (l - ?V(i - vYf(x» + t-,yo + v)dS. 

To prove that such is the case we can ignore the factor [1 — £ 2 ]*[1 — r?Y, 
which is positive and limited, and consider the integral 

f dk jl. dr >lj a f f ^ + x ' v + y)dxdy 

= J J J J j/tt + x, v + y)d£dr)dxdy, 

since, as is easily shown by Theorem A, /(£ + x, rj + y) is summable in 
the four-dimensional region 

R[e, a] or [- « < £ < t, - e < r\ == e, 

Vo^ Va7 Va^ V^"l 

The last integral can be written 

J7- dx j- d V- \ I /(* + x, ij + l/)d{di?. 

Now, since / is summable two-dimensionally in the fundamental 
region JJ(0 2 I < 1, O^F^l), by the definition of absolute con- 
tinuity of an integral", 

! f f /(£ + x, v + y)d$d n 

approaches zero with the measure of e(£, rj) (which is a part of the rec- 
tangle (— e s £ < e, — e £ i| ^ e) independent of x and y, provided only 
that (x, y) lie in the rectangle >S. Hence 

J7< d y j- dx r fti + x ' i + y)dUv 

- I ^ d y I ^ dx -7" w 



'yo- 
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where « approaches zero with the measure of e({, 77) independently of 
x, y. Hence 

^\LM Mdv ~h PMdx 

= A f'dr, P[l - mi - V 2 W(Xo + f, yo + v)di. 
But we have proved that 

i™.- J o ^Q*M<*ir - ^ QJ«]<fc = v*Q»[«(xo, 2/0)]. 

Hence by addition 
l ™ll a) i P » [u]dy -k PMdX 

= vHz^tt^o)] + A f <&» f (1 - mi - wo.* + «, 2/0 + i»)d€. 

Therefore, since/ is summable and lim V 2 QA u ( x o> Vo)] — 0, 

jLL=GO 

lim v 2 P M [M(a;o, 2/0)] = /(xo, 2/0) 

at nearly every point (x , 2/0) of the region S. 
Similarly we can write 

lim v*Pjv(x , j/o)] = g(xo, 2/0). 

X. We now have to discuss the absolute continuity of the integrals 
appearing in equation (1), with regard to uniformity. 

The functions PJu], -PJf] are limited in their sets: they will therefore 
not affect the discussion. We therefore consider the integral 

jf [£™*, y)] \j y = {[i PMx > y)] \-J v 

for which we have to prove the uniform absolute continuity. 

I say that the quantities dajdx, dfi^ldx which are representative of 
those which make up dQ^/dx are limited in their sets. For the integrands 
in the expression for dajdx both contain the factor [1 — (7? — y) 2 Y 
< (1 — € 2 )" and since (l/k„. 2 )(l — e*)* approaches zero as ju = 00, u 
being limited, it is evident that the functions [da^/dx] are limited in their 
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set. Moreover, the integrands in the expression for dfijdx contain 
the factors D x [l — (£ — x) 2 ]* and (1 — « 2 )" respectively. But since 
D*[l — (£ — x) 2 ]* is an infinitesimal of the order of n[l — (£ — x) 2 ]" -1 
< n(l — € 2 )" -1 and since 

M (l - 6 2 )"-^ . 

I! — U 

as n = co , we see that the functions [djf^/dx] are limited in their set. It 
follows therefore that the functions [dQ^/dx] are limited in their set, and 
obviously approach zero everywhere in D. 
Hence 



and 



U=oo J c L "•£ Jx=a 

lim I ^^^(x, y)] dy = lim | r-PJu(x, y)] dy. 
We have now to show that the absolute continuity of the integral 

is uniform with regard to ju. Now 

jf[^p,wx, y) ]L# 

=£ dy ik££.[k u{ * + x> ■" + y) L (i " mi ~ ^^ 

By means of Theorem A, it is easy to show, by the method of VI 
that [(d/dx)u(l- + x, t] + y)] is summable in the three-dimensional region 

[-£<{<<:, - e < rj < e, c ^ y ^ d], 

we can therefore write 

We now make use of the statement (6) of our hypothesis, that the 
absolute continuity of the integral 

J dx u ( x > y ^ dy 
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is uniform in the neighborhood of x = a. So far we have not made use 
of the fact that the constant e can be chosen as small as we please. We 
now choose € so small that the absolute continuity of f(djdx)u(x, y)dy 
will be uniform for all values of x in the interval a — e^x^a+e. 
Then 

I f r^Fj«(x,y)]l dy\^\~ f'di; f'd v (l - p)*(l - „«)* w 

I «/ «(») L "•*' Jx=a I I «-,» J-t J-t 

where co = with m[e(y)] independent of £ and 77. Thus our statement 
is proved. 

XI. With regard to the right-hand member of equation (1) we proceed 
as follows : 

We have shown that 

V 2 P>] = VUN + F* f'dr, f (1 - mi ~ vYf(Xo + 1, 2/o + V)dl; 

«'H J-t J-t 

and we have shown that the absolute continuity of f f ^Q^[u\dxdy is 
uniform in S. We have now to show that the absolute continuity of 

ffp.Uix, y)]dxdy 

is uniform in S. 

Since, as we have stated before, f(x + £, rj -\- y) is summable in the 
four-dimensional region 

[a < X < b, c ^ y ^ d, — e ^ £ ^ e, - e £ 1; £ e], 

we can write 

jJPAKx, y)]dxdy 

= in f# f'd v (i - era - v*r f f/(* + a,y + v)dxd y . 

"'l* J-t J-t Js J 

But since fix, y) is summable in R [0 £ x ^ 1, ^ 1/ 2 1] by the 
definition of absolute continuity, since e < a, 1 — 6, c, 1 — d, the absolute 
continuity of 

fff(x + Z, y + r,)dxdy 

is uniform for all values of the parameters £, r) in the region 

[- 6 =£ £ == e, - 6 == r, < e]. 
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Hence 

I f fP.ifi.Xy y)]dxdy < ^ f d$ P «[1 - fl*[l - **Nu * a, 

where w = with m[e(x, y)\ independent of £ and i\. The proof is now 
complete; for in view of the nature of the rectangle S, we know that 
(d/dx)P„[u], (d/dy)P„[u] approach du/dx, du/dy nearly everywhere along 
its boundary. 

Moreover V 2 P,iN approaches /(x, y) nearly everywhere in D. Similar 
statements apply to (d/dx)P IL [v], (d/dy)PJv] and to VPJv]. Taking the 
limits of both sides of equation (1) as ix = » we obtain finally 

i{ V fx- U ¥x) dy -{ v fy- u %) dx= SJ^- u ^ dxd y- 
The Rice Institute. 



